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Introduction
Keren [2004] has proposed a note-
worthy implicit curve approximation
method which guarantees the
topology of the estimated curve,
but it involves solving a high-degree
non-linear optimization problem.
We propose a topologically faith-
ful method whose optimization is a
quadratic programming problem.

Method by Keren [2004]
The idea is to construct a homeomor-
phism from the data points to the unit
circle by using the following theorems.

•Let f1, f2, g1, g2 be strictly
monotonic increasing functions, then

(x, y)→ (f1 − f2, g1 + g2)
is a homeomorphism.

•Any one variable positive polynomial
(=the derivative of increasing
polynomial) is sum of squares.

If homeomorphism h is approximated,
the implicit curve of ||h|| − 1 is the es-
timated curve.

Mapping to a Polygon
Keren [2004] uses the distance from
the unit circle, which introduces non-
linearity. We propose to use a poly-
gon as a target. Because we use a
homeomorphism, it is sufficient to fit
each point to the linear function of the
corresponding edge. Thus, the objec-
tive function for a point assigned to the
edge ax + by = c can be formulated as
the linear least squares:

(ah1(xi, yi) + bh2(xi, yi)− c)2.

This method requires an ordering of
the data points, and points should be
divided into each edge. Any kind of
polygon can be used as a target, so we
can exploit our prior knowledge on the
shape.

Figure: The curve is divided into four edges.

(a) Implicit curve trained as the
mapping to a triangle.

(b) The representation power is
not sufficient for complex shape.

•Data points (red).
• estimated curve
(black).

• data points
corresponding to
vertices of a
polygon (blue).

Positive Polynomial
The method by Keren [2004] also intro-
duces non-linearity when it constructs
a positive polynomial as sum of squares
explicitly. In order to avoid this non-
linearity, we propose to use the lin-
ear sufficient condition proposed
by Ghasemi and Marshall [2010].
d-degree (d: even) polynomial Σ cix

i is
positive if
c0 ≥ Σi:odd|ci| − Σi:even min{0, |ci|}
cd ≥ Σi:oddi|ci|/d− Σi:even min{0, |ci|/d}.
By using the mapping to a polygon and
the linear sufficient condition, we can
formulate the problem as a convex
quadratic program.

Conclusion
We constructed a topologically faithful
implicit curve approximation that can
be solved using convex quadratic pro-
gramming, which is much easier than
the high-degree non-linear optimiza-
tion required in prior work.
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